Abstract-This paper considers a multi-way relay network in which multiple users intend to achieve full information exchange with one another with the aid of a single relay. A general method for designing the transmission protocol with binary physical-layer network coding (PNC) is developed based on a tree representation. Different transmission schemes are analytically and numerically examined in terms of the decoding strategy, throughput performance, and energy consumption. It is shown that distributing the load of transmissions unevenly among users may achieve a better network throughput performance although some users will consume remarkably more energy than others. A systematic approach to designing the transmission scheme such that minimum error probability is achieved while some specified energy constraint is satisfied is also proposed.
I. INTRODUCTION
In the classical two-way relay network, two users out of direct communication range intend to exchange information through a single relay. Various protocols have been studied for this scenario. In the conventional decode-and-forward (DF) relaying, each user's message is sent to its destination in two hops and four time slots in total are needed to complete information exchange. In the DF relaying with network coding (NC) [1] , the relay after decoding the two users' messages broadcasts in one time slot a combined signal (e.g., a modulo-2 sum of the two users' messages), and three time slots are needed. The time efficiency and throughput are further improved by denoise-and-forward (DNF) relaying adopting physical-layer network coding (PNC) [2] - [5] , which requires two time slots. In the DNF relaying, the two users transmit concurrently to the relay in one time slot and the relay performs denoising on the received interfered signal and broadcasts a denoised signal in the next time slot. Denoising essentially performs a mapping from the complex field operation in the wireless channel to the finite field operation for network coding. The DNF protocol increases the achievable throughput at high signal-to-noise ratio (SNR) [3] compared to the conventional DF relaying and DF relaying with NC due to the improved time efficiency, and increases the achievable throughput at low SNR compared to the amplify-and-forward This work was supported in part by the National Science Council, Taiwan, under grants NSC 102-2218-E-001-001, NSC 102-2221-E-001-006-MY2, NSC 102-2622-E-001-001-CC3, and NSC 102-2219-E-002-022.
(AF) relaying (or analog network coding) [6] , [7] due to the avoidance of noise amplification. Various designs were proposed for two-way relaying with the DNF protocol (e.g., [8] - [13] ). For a tutorial on this topic, see [5] , [14] .
A multi-way relay network is a generalization of a twoway relay network with multiple users aiming to achieve full information exchange with the aid of a single relay. One example of this scenario is that multiple parties around the world exchange data through a satellite. The capacity for a multi-way relay network was analyzed in [15] , [16] where the upper bound of the achievable rate per user was shown to be inversely proportional to 2(K − 1), where K is the number of users in the network. An opportunistic transmission scheme according to the channel conditions of users for a three-way relay network was proposed by adopting PNC [17] or joint NC and superposition coding [18] . A user selection scheme to introduce multiuser diversity gain to the multipleinput multiple-output (MIMO) three-way relay network was proposed in [19] .
In this paper, we focus on developing the transmission protocol for general multi-way relay networks with arbitrary numbers of users. A general DNF protocol design method is developed which can be customized by the energy capacities of users. The decoding strategy, error-rate/throughput performance, and energy consumption associated with different DNF transmission schemes are discussed through simulation and analysis.
This paper is organized as follows. Sec. II presents the system model. The proposed methods are described in Sec. III. Performance results are presented in Sec. IV. Conclusion is given in Sec. V.
II. SYSTEM DESCRIPTION
We consider a multi-way relay network with K (K ≥ 2) users. Each user's message is intended for all other users and full information exchange is desired. Direct communication is assumed infeasible and thus users can only communicate through a single relay, as shown in Fig. 1 . The communication adopts the PNC technique and takes place in two phases, i.e., multiple access (MA) and broadcast (BC) phases. The MA and BC phases consist of K−1 time slots each, since K−1 linearly independent pieces of information must be collected at each user for decoding the information of all other K − 1 users. Binary phase shift keying (BPSK) modulation is considered for all transmissions. The users and the relay each has a single antenna. For simplicity, we assume unit channel gains for all links and perfect synchronization between signals transmitted in the MA phase. In each time slot in the MA phase, selected users simultaneously transmit their signals through additive white Gaussian noise (AWGN) channels to the relay. In the jth (j = 1, . . . , K −1) time slot in the MA phase, the received signal at the relay is given by
where g j,i ∈ {0, 1} indicates whether or not user i transmits in the jth time slot, Z R,j is Gaussian noise with variance σ 2 , and X i is the BPSK modulated signal of user i, i.e.,
where S i is the source bit for user i. The total received signals at the relay during the K − 1 time slots in the MA phase can be represented in the form
where
T . The (K − 1) × K binary matrix G is the transmission matrix that specifies the user scheduling for the multi-way relay network. The structure of G is made known to all users before communication.
After the MA phase, the relay adopts the PNC technique and makes an estimate of
, where denotes the modulo-2 sum. The optimal maximum a posteriori (MAP) estimate of U j is given bŷ
where f YR,j (y|U = b) is the conditional probability distribution of the received signal at the relay given the modulo-2 sum. This procedure is termed denoising [3] , [10] . Then, the relay broadcasts the BPSK-modulated denoised signal
to all users. In the jth (j = 1, . . . , K − 1) time slot in the BC phase, the received signal at user i is given by
where Z i,j is Gaussian noise with variance σ 2 . After the BC phase, each user i then decodes the information of all other users, i.e., S j , ∀j = i, by using Y i,1 , . . . , Y i,K−1 (after demodulation) and its own information S i with the knowledge of the logical form of U 1 , . . . , U K−1 .
III. TRANSMISSION PROTOCOL DESIGN FOR MULTI-WAY RELAY NETWORKS

A. DNF Transmission Schemes
The communication protocol of interest here is one that enables each user to decode the information of each other user to achieve full information exchange in the network. Since the communication protocol is specified by G, it is expected that G should satisfy some decoding requirements. For each user to decode the information of all other K −1 users, K −1 linearly independent pieces of information about other users must be collected at the relay and further broadcasted to all users. Note that the ith column of G corresponds to the transmission of user i's own information in the MA phase. Therefore, G with the ith column removed, which is a (K − 1) × (K − 1) matrix, must have full rank, and this must hold true for i = 1, . . . , K. This is analogous to the requirement that the coding matrix must have full rank for successful decoding in random linear network coding [20] .
For G to have full rank after any column is removed, each row of G must contain at least two nonzero elements. Since g j,i = 1 indicates that user i's will transmit in the jth time slot in the MA phase, employing more nonzero elements in G requires more transmissions and more energy consumption. As a result, we consider that each row of G contains exactly two nonzero elements in our design of G. Summarizing the discussions above, the (K − 1) × K transmission matrix G has two properties: P1) G with the ith (i = 1, . . . , K) column removed has full rank. P2) Each row of G contains exactly two 1's and K − 2 0's. In the following, we first look at some examples.
Example 1 (K = 2): In the classical two-way relay network with K = 2, we have G in the degenerated form of G = [1 1]. As a result, the two users transmit simultaneously in one time slot in the MA phase, the relay performs denoising by estimating U = S 1 ⊕ S 2 , where ⊕ represents modulo-2 addition, and the relay broadcasts the estimateÛ in one time slot in the BC phase to complete the information exchange. Fig. 2. Tree representation of (a) G 1 , (b) G 2 , and (c) G 3 in (7) .
Example 2 (K = 5): In a five-way relay network, G may take different forms, e.g.,
A different structure of G will lead to different decoding strategy. If G 1 is used, two selected users transmit concurrently in designated time slots in the MA phase and the relay receives a noisy version of X 1 + X 2 , X 1 + X 3 , X 1 + X 4 , and X 1 + X 5 in four time slots. Subsequently, the relay performs denoising by estimating the modulo-2 sums
, and U 4 = S 1 ⊕S 5 , and broadcasts the estimates in four time slots in the BC phase. In the absence of noise, user 1 can decode user j's information using its own S 1 and the received estimateÛ j−1 by computing S 1 ⊕Û j−1 .
User i (i = 2, 3, 4, 5) can first decode user 1's information by computing S i ⊕Û 1 , and then decode user j's information through user 1's information, i.e., computing (S i ⊕Û 1 )⊕Û j−1 . If G 2 is used, which is the protocol in [16] , different sets of selected users transmit in the MA phase. Then, the relay estimates the modulo-2 sums
, and U 4 = S 4 ⊕ S 5 . User 1, for example, first decodes user 2's information by computing S 1 ⊕Û 1 , then decodes user 3's information through user 2's information by computing (S 1 ⊕Û 1 ) ⊕Û 2 , then decodes user 4's information through user 3's information by computing ((S 1 ⊕Û 1 )⊕Û 2 )⊕ U 3 , etc. The decoding procedure can be analyzed similarly if G 3 is used.
B. Tree Representation of DNF Transmission Schemes
As can be seen from Example 2, for the general case of K there are many design possibilities for G. Different choices of G result in different decoding strategies (as shown in Example 2), error-rate/throughput performances (see Sec. III-C and Sec. IV), and energy consumption profiles (e.g., with G 1 , user 1 needs to transmit much more times than other users, whereas with G 2 , each user transmits comparable times). To compare one choice with another, we propose to examine a tree representation of G. Any (K − 1) × K matrix G with the aforementioned two properties P1-P2 can equivalently be represented as a connected tree with K nodes and K − 1 edges. Each node in the tree represents a user, and node m and node n are connected by an edge if there exists some j for which g j,m = 1 and g j,n = 1 in G. For example, the tree representation of G 1 , G 2 , and G 3 in (7) is shown in Fig. 2 . As can be seen from Fig. 2 , the unique path from one node to another reveals the decoding procedure of one user decoding another. The number of edges incident to a node (i.e., the degree of a node) indicates the number of times that the corresponding user will need to transmit. The tree structure also reveals the error probability of one user decoding another, as discussed below.
C. Error Probability Analysis
Due to the error-prone wireless links and the multipleaccess interference at the relay, it is possible that the modulo-2 sum estimate received at the user is in error, i.e.,Û j = U j . Assume that the errors occur at the relay side and/or at the user side independently with the same probability ρ, which is a reasonable approximation due to [2, Fig. 5 ]. As we have seen in Example 2, if G 1 is used, user 1 relies onÛ j−1 to decode user j's information by computing S 1 ⊕Û j−1 . Thus, we can calculate the error probability of user 1 decoding user j as 1 − (1 − ρ) 2 . For user 2 to decode user 1, it computes S 2 ⊕Û 1 , and thus the error probability is also given by 1 − (1 − ρ) 2 . For user 2 to decode user 3, it computes (S 2 ⊕Û 1 ) ⊕Û 2 , and successful decoding requires bothÛ 1 andÛ 2 not in error. Thus, the error probability of user 2 decoding user 3 is given by 1 − (1 − ρ) 4 . Note that we do not consider the case where two errors may cancel out and result in a correct modulo-2 sum in the analysis. If G 2 is used, following the decoding procedure of user 1 shows that the error probability of user 1 decoding user 2, 3, 4, and 5 is 1 6 , and 1 − (1 − ρ) 8 , respectively. Similar analysis can be done for other structures of the transmission matrix.
The result can in fact be directly read from the tree representation. For a general K-way relay network adopting some transmission matrix G, the error probability of user i decoding user j is given by 1 − (1 − ρ) 2d(i,j) , where d(i, j) is the length of the path from node i to node j in the tree representation of G. The average error probability is therefore given by
and the worst-case error probability is given by P wst e = 1 − (1 − ρ) 2dmax , where d max is the length of the longest path in the tree. For the example in Fig. 2 , it can be easily shown that for any 0 < ρ < 1, P wst e (G 1 ) < P wst e (G 2 ) and P avg e (G 1 ) < P avg e (G 2 ). In other words, using G 1 leads to a better average throughput than using G 2 , as will be verified in Sec. IV.
D. General DNF Protocol Design Method
As discussed, different choices of G will result in different error performances and different energy consumption profiles. It is therefore worthwhile to examine whether there exists a systematic approach to designing G such that minimum error probability is achieved while some specified energy constraint is satisfied. Note that in general the average error probability in (8) depends on d(i, j), ∀i < j as well as on the specific value of ρ which depends on the SNR of the wireless channel. Without prior knowledge of ρ, we consider the worst-case error probability as the dominant term of (8), which only depends on d max and is more tractable. Specifically, our objective is to design a communication protocol that produces minimum worst-case error probability while satisfying the specified energy constraint. The resulted communication protocol will, in general, also lead to minimum average error probability, as verified in Sec. IV.
For a K-way relay network, the proposed method is based on constructing a minimum-height rooted tree with K nodes given that each node has a degree no more than W (W ≥ 2), where W is the specified energy constraint (in terms of the maximum number of transmissions per user). It can be shown that the resulted tree will have a d max no greater than any other tree with the same number of nodes and the same degree constraint for each node. The construction entails the following steps (see Fig. 3 ):
1) Select an arbitrary node as the root.
2) Connect arbitrary remaining W nodes in layer 1 to the root as its child nodes. 3) Connect arbitrary remaining W − 1 nodes in layer 2 to each node in layer 1 as its child nodes. 4) Repeat 3) until all K nodes are included in the tree. For the example of K = 5, the proposed construction method will create the tree in Figs. 2(a), (b) , and (c) given that the energy constraint is W = K − 1 = 4, W = 2, and W = 3, respectively.
IV. SIMULATION RESULTS
Here, we present the throughput performance of the proposed DNF relaying with PNC in comparison with the conventional DF relaying and the DF relaying with NC. The conventional DF relaying uses K time slots for MA and K time slots for BC. The DF relaying with NC uses K time slots for MA and K − 1 time slots for BC with the same user Fig. 3 .
Tree-assisted general DNF protocol design for multi-way relay networks.
scheduling scheme and the same logical form of NC as the proposed DNF relaying. Since each user's message is intended for multiple destinations in the network, the throughput (in bits/s/Hz) is defined from the perspective of the receiver and is given by B/T , where B is the number of bits correctly decoded at the intended receivers, and T is the number of time slots (channel use) required to complete the communication.
In the high SNR regime with P avg e → 0, the throughput converges to K(K − 1)/T since there are K messages (i.e., K bits for BPSK) each to be received at (K − 1) intended destinations, where T = 2(K − 1), 2K − 1, and 2K for DNF relaying, DF relaying with NC, and conventional DF relaying, respectively. The SNR for all transmissions is defined as 1/σ 2 . The simulation follows the system setting described in Sec. II. Fig. 4(a) compares the performance of the three relaying schemes in a three-way relay network. In this scenario, the transmission matrix G can take only one form (i.e., one user transmits twice and two users transmit once). The DNF protocol exhibits notable throughput advantages as compared with other schemes due to time efficiency. Fig. 4(b) shows the performance of the three relaying schemes in a ten-way relay network. In this scenario, there is flexibility in the design of G by setting a different value of W in the proposed general protocol design method. As can be seen in Fig. 4(b) , setting W = K − 1 = 9 produces a scheme (scheme 1) that yields a higher average throughput than setting W = 2 (scheme 2). However, scheme 1 requires one user to transmit nine times while all other users transmit once, as opposed to scheme 2 where all users transmit in a more balanced way (the tree structure looks like Figs. 2(a) and (b) yet with more nodes). Setting an intermediate value of W will result in an intermediate throughput performance and energy consumption profile. This suggests that the overall errorrate/throughput performance of the network can be improved if some user(s) in the network assume the role of "leader(s)" by transmitting more times (and spending more energy). The result also suggests that given some energy constraint W , the proposed design method can yield a protocol that achieves better throughput performance than any other protocol whose equivalent tree has a maximum degree W < W . Comparing DNF relaying and DF relaying with NC, it is seen that with the same NC coding scheme (i.e., scheme 1 or 2), DNF relaying generally achieves better throughput performance across different SNRs. This shows the effectiveness of denoising with time efficiency in the MA phase. In the low SNR regime, both DNF relaying and DF relaying with NC are outperformed by the conventional DF relaying, because the more noisy channel conditions lead to increased errors in the denoising at the relay and/or NC decoding at the user which outweigh the advantage of time efficiency.
V. CONCLUSION
The DNF communication protocol for multi-way relay networks employing PNC has been studied. Different DNF protocol designs were analytically and numerically examined in terms of the decoding strategy, error-rate/throughput performance, and energy consumption. A general DNF protocol design method was proposed that strikes a tradeoff between throughput performances and energy capacities of users. Simulation results compared different configurations of the DNF protocol, showing that a better network throughput performance can be achieved if the protocol incorporates a transmission scheduling scheme that centers the load of transmissions on specific users.
